The paper is devoted to study the structure of Hawaiian groups of some topological spaces. We present some behaviors of Hawaiian groups with respect to product spaces, weak join spaces, cone spaces, covering spaces and locally trivial bundles. In particular, we determine the structure of the n-dimensional Hawaiian group of the m-dimensional Hawaiian earring space, for all 1 m n.
Introduction and motivation
In 2000, K. Eda and K. Kawamura [1] defined the n-dimensional Hawaiian earring, n = 1, 2, . . . , as the following subspace of the (n + 1)-dimensional Euclidean space R (n+1)
Here θ = (0, 0, . . . , 0) is regarded as the base point of H n , and S n k shows the n-sphere in H n with radius 1/k. In 2006, U.H. Karimov and D. Repovs [3] defined a new notion, the n-Hawaiian group of a pointed space (X, x 0 ) to be the set of all pointed homotopy classes [ f ], where f : (H n , θ) → (X, x 0 ) is continuous, with a group operation which comes naturally from the operation of nth homotopy group denoted by H n (X, x 0 ) which we call it the n-Hawaiian group of (X, x 0 ). This group is homotopy invariant in the category of all pointed topological spaces. One can see that H n : hTop * → Groups is a covariant functor from the pointed homotopy category, hTop * , to the category of all groups, Groups, for n 1. They also mentioned [3] some advantages of Hawaiian group functor rather than other famous functors such as homotopy, homology and cohomology functors. There exists a contractible space C (H 1 ), the cone over H neighborhood at x 0 , then countability of the n-Hawaiian group H n (X, x 0 ) implies n-locally simply connectedness of X at x 0 .
(see [3, Theorem 2] ).
There is a relation between the Hawaiian group and the homotopy groups of a pointed space (X, x 0 ) as follows. We use the following concepts frequently in the paper.
Definition 1.2. A space X is called:
(i) n-locally simply connected at the point x 0 if for every neighborhood U ⊂ X of x 0 there is a neighborhood V ⊂ U of x 0 such that the homomorphism i * : π n (V , x 0 ) → π n (U , x 0 ) induced by inclusion is zero;
(ii) n-semilocally simply connected at the point x 0 if there is a neighborhood U of x 0 such that the homomorphism i * : π n (U , x 0 ) → π n (X, x 0 ) induced by inclusion is zero; (iii) locally strongly contractible at x 0 if for every neighborhood U ⊂ X of x 0 there exists a neighborhood V ⊂ U of x 0 such that the inclusion map V → U is null-homotopic to the point x 0 ; (iv) semilocally strongly contractible at x 0 if there exists a neighborhood U of x 0 such that the inclusion map U → X is null-homotopic to the point x 0 (see [1] ).
The paper is organized as follows. In Section 2, we establish some more properties of Hawaiian groups. First we show that n-Hawaiian groups are abelian for all n 2. We also show that the map (I) is an isomorphism for semilocally strongly contractible spaces. Second, we compute the n-Hawaiian group of a weak join of a countable family of (n − 1)-connected, locally strongly contractible and first countable pointed spaces (see [6] for the definition of the weak join). As a consequence, we can compute the m-Hawaiian group of an n-Hawaiian earring for all 1 m n. Moreover, we show that all Hawaiian group functors preserve direct products. Third, we concentrate on Hawaiian groups of the cone of spaces. As a main result, we show that the n-Hawaiian group of the cone of (X, x 0 ), C (X), at the point (x 0 , t) except the vertex is the quotient group of H n (X, x 0 ) by w i∈N π n (X, x 0 ). Finally, we give an exact sequence of Hawaiian groups for a first countable locally trivial bundle which gives more information about Hawaiian groups of covering spaces or R n -bundles.
Karimov and Repovs [4] generalized the Hawaiian earring to the infinite dimension, to be the weak join of all finite dimensional Hawaiian earrings and denoted by H ∞ . Then they followed it by the infinite dimensional Hawaiian group similar to finite dimension to be the set of all pointed homotopy classes [ f ], where f : (H ∞ , θ) → (X, x 0 ) is continuous, endowed with group operation, which comes from the finite dimensional Hawaiian groups denoted by H ∞ (X, x 0 ). One can verify that H ∞ : hTop * → Groups is a covariant functor with induced homomorphism similar to finite dimension cases.
Also they construct a Peano continuum with trivial homotopy, homology (singular,Cech and Borel-Moore), cohomology (singular andCech) and finite dimensional Hawaiian groups, which is not contractible and has nontrivial infinite dimensional Hawaiian group [4] .
In Section 3, we study the structure of the infinite dimensional Hawaiian group. We extend most of properties of finite dimensional Hawaiian groups obtained in Section 2 to the infinite case.
Finite dimensional Hawaiian groups
We say that a pointed space (X, x 0 ) has a local property if X has the property at point x 0 . , . . .}. Using again (i) implies that f is continuous. Now, let
Using the topology of the Hawaiian earring, H is continuous and hence
Since n 2, we have a homotopy map 
Since X is semilocally strongly contractible at x 0 , there exists an open set U containing x 0 with null-homotopic inclusion map i : U → X relative to the point x 0 . For each continuous map f :
is null-homotopic in X relative to the point θ . Since i is the inclusion map and
is null-homotopic relative to the point θ and so ϕ maps f to an element of w i∈N π n (X, x 0 ). Thus Im(ϕ) ⊆ w i∈N π n (X, x 0 ) and easily seen that the equality holds.
. .), using the above technique, there exists
Note that by the above theorem we can compute the Hawaiian group of some more spaces than Theorem 1.1. As an example, the join space X = i∈N S n is not first countable but using Theorem 2.5 we have 
is an epimorphism and the result holds. 2
In particular, if n 2 and ϕ is the homomorphism (I), then
Proof. Since X is n-semilocally simply connected at x 0 , there exists a neighborhood U of x 0 such that the homomorphism
, one can easily see the reverse inclusion.
Consider the following exact sequence
If n 2, then by Theorem 2.3, H n (X, x 0 ) is abelian. It is routine to check that β • ϕ = id, where β :
Theorem 2.9. Let {(X i , x i )} i∈N be a family of locally strongly contractible, first countable pointed spaces. If X = i∈N (X i , x i ) is the weak join of the family {(X i , x i )} i∈N and x * is the common point, then 
where i∈I π n (X i , x i ) is a subgroup of i∈I π n (X i , x i ) consisting of all f 's such that the set {i ∈ I: f (i) = 0} is countable.
We can improve the above result as follows when the set of indexes is countable. 
Proof. Using Theorem 2.9 we have the monomorphism ϕ :
. Now, by the composition of these homomorphisms, we obtain a monomorphism ψ :
and let {U m } be the local basis defined in the proof of Theorem 2.9.
By Lemma 2.2 there exists an increasing sequence
and hence
is null-homotopic relative to {θ} in X i . Thus for each i ∈ N, all terms of the sequence {[
i } i∈N to define a product on infinite terms of n-loops. 
where x * = {x i } i∈I ∈ i∈I X i .
Proof. Consider projection maps p j : i∈I X i → X j and induced homomorphisms H n (p j ) :
and define
It is easy to see that this homomorphism has an inverse ψ −1 : 
is an open set in C (X), by the topology of H n , for
there exist homotopy mappings
, for k K which is continuous by Lemma 2.2 and makes g and g homotopic relative to {θ}.
is an isomorphism with an inverse which is induced by the injection j t :
and μ is an epimorphism.
Moreover,
. . is a sequence of null-homotopic maps relative to {θ} which is constant except a finite number and by Lemma 2.2(ii) we have i t • f is null-homotopic relative 
is not null-homotopic in X , then
The following corollary is a consequence of Theorem 2.13 and [3, Theorem 1].
Corollary 2.14. Let n 1, (X, x 0 ) be a pointed space, C (X) be the cone over X andx t = (x 0 , t), where t = 1. Then H n (C(X),x t ) is trivial if one of the following conditions holds:
is n-locally simply connected and first countable.
(ii) (X, x 0 ) is semilocally strongly contractible.
Example 2.15. Let S = n∈N S n and a be the common point, then by Corollary 2.14, H n (C S, a) is trivial, for each natural number n.
In [3, Theorem 1] it is proved that for a first countable pointed space (X, x 0 ) and n 1, ϕ :
is an isomorphism if X is n-locally simply connected at x 0 . The following result gives us more information. (i) X is n-locally simply connected at x 0 . 
Homotopy lifting property of locally trivial bundles which holds on pointed homotopies implies that for each k < K 1 , we can define 
It is known that for each locally trivial bundle there exists an exact sequence of homotopy groups as follows
In the following theorem we gives a similar exact sequence of Hawaiian groups with some conditions. : E → B be a locally trivial bundle, y 0 ∈ B and x 0 ∈ p −1 (y 0 ) = F . If π n (E, x 0 ) and π n (B, y 0 ) 
